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Summary 


Till'  1 iMi  lit  ( hr  si;. till'  il  ,1  I i.’il  is|iiriiv  nviT  .1  [lower  law  v i o- 

elastic  layer  is  examiueil  in  t Ik'  rialistie  li'.ii  ni  infinite  (dimensionless) 
layer  tliiekness.  For  a (untaet  interval  ol  unit  l(ny,th,  asymjiCotic  expansions 
for  the  norni.il  iraction  over  the  interval  loinihei-  with  ::evi.‘ral  other  [ihysically 
relevant  (piantities  (e.;;.  tlu'  irietion  eoet  I i .■  i ent ) are  developed  in  terms 
of  an  ai>pro|iriale  asvniploti.-  s.'ijnenee  ol  [.ova  1 ■:  ol  iho  (d  i mens  i on  1 t's  ) 
layer  tliiekness. 


2 


Introduc  t ion 

111  ;i  I'll.'’' ions  |ia|H‘r  hv  i.'.illon,  \'.n- Inn.  i ii  .iiul  'iili.i|u-iy  | l|,  lioiicil  iirt  ti 
referred  to  as  1,  Liie  2-1)  I'ndilom  ol  ilio  .sliilin;’.  .if  a ri;;id  asperily  over  a 
power  law  viscoelastic  lia  1 I .s|i.ici  wa.s  coie;  idol  ed  . lliTo  a powi*r  law  visco- 
elastic material  i .s  defined  is  oiu'  wlioso  '.t  ro'-,s-s  t ra  i n relation  is 


where  the  compliance  moduli,  (1..^^,,  ari’  p.ivoii  liy 


t.  U t 'll(t  ) . 0 ■ I • 1 

ilk'.! 


and  HCfl  i . the  llo.ivisid.'  Innct  ion.  Tlio  rluolovical  arp.miients  favoriin; 
such  a modi,'!  mav  i’o  I omul  in  | !’ | aiul  rotoi.'iues  tlieiein. 

The  iiKilogoits  I'rolilom  loi  ,i  linito  i.ivor  is  imicii  niori'  ilifficnlt.  So 
imicli  so  lli.it  wlien  Allilas  ,md  Knipors  ] 1|  .iitimptod  it  for  an  elastic  layer 
they  contented  t liem.se ) ve.s  iiith  a thick  l.ivor  .isyiic  tot  ii-s  approach.  In 
the  spirit  of  their  work  wl'  prosimt  ,i  iniilar  invost  i);at  ion  for  a power 
law  viscoelastic  layer. 


1.  Formul.it  ion  ol  (In  I’lol.lcm 


We  now  oonsuli.-r  l lio  ]>roliloni  ol  l In-  slc.idv.  It  let  ionloss  sliding,  to 
the  left,  witii  vehu-ily  II,  of  ,i  aspcritv  over  the  power  law 

vlscoelastie  layer,  i)  y • o.  Tlu-  lavei  rip, idly  constrained  at 

y = 0. 

Neglect  i ng  ioi-rt  ia,  the  loree  halanci'  ei|nations  ari' 

C. . . =0 

11,1 

and  the  boundary  condition.';  are 

O^,,(x,0,t)  = 0 < X < -- 

v(x,0,t)  - l(x  I lit)  .aft)  ■ y.  •'  b(t) 

O22(-'<,0,t-)  - X •'  a(i  ) , X > b(t) 

v(x,0,t)  = u(';<,!),t)  = f)  '■  X < t'j 


a(t) 

= -'lo  + < 

b(t) 

= , + lit 

Here  v(x,>,t' 

) and 

n ( X , '■  , t 1 a re  t In.'  vert  leal 

aiul  horizontal  displacements 

and  f(x)  is  the  shaiie  ol  the  iiuleiitor. 

We  choose  -anits  e.o  that  a^^  = 0 ;ind  h^^  -■  1 a. id  thus  .all  li'iigth 
quantities  mtiy  be  henceforth  considered  dimensionless.  We  also  adopt 
the  Gulliiean  variable  s = x + (,'t  . 

The  next  series  ('I  steps  is  iiion.’  ot  les'.  .st.mdard  and  the  details 
may  be  found  in  I.  The  force  balance  e<|uat  i 'iis  and  boundary  conditions  are 
Fourier  t rans  f ormixi  with  res.pect  to  s,  the  r>'Sii  I t i ng,  ODF  ' s in  y are  solved 
and  finally  a Fourier  inves.ion  results  in  the  loMowing,  integral  etpiat  ion 
relating  the  d isp  lacemt-iU  l(s)  to  a dimensionless  normal  traction  g(s) 


2. 


Analj^sis  of  Th  i c k L.iyc*r 
For  tho  sako  of  a 1 nob  ra  i o coiivoii  i oiiro  wo  i ako  v l/.>  and  s<-t  z = pO. 

Then  (1)  bocomos,  aiti-r  d i f ( oia  ut  iat  i.m, 


(2) 


ITf ' (s)  = -0 


-II  f s i nil  '/■  Cosh  z -7. 
/.  I 2 2 

(I  \ cosh  7.  + 7. 


sin  (s-.-,)  - dz 


or 


(3) 


Tlf'(.s)  = -r(’'-u)[oos  <t7I 


""  K.(b)d.r_  _ f a.!:Qdi:.._  , 

0 •'a  (f-s)*'  ‘ 


- 0 


8(Odf 


-a|H  iiihj:  cosh  z - z _ ^ 


2 2 

0 \ cosh  z + z 


, ^ \ riTT  . 

in  (n.-r,)  - 7f]dz  , 


iLiill'  ' . 1 is  exponent  ia]  Iv  small  for  large  z one 


cosh  z + z 


can  show  that 


r 7-'^  1 

s i nb  z cosli  7.-  7.  , \ 

n V 

■ ■ " 2 ■ 2 ' / 
C<’sll  z + z / 

sin  Ij  (s-;)  - ^Iclz 


= y (s-o'’ 

n 


II'  0 0 n ! 


where 


.i»  lO+i.)  5 1 f C'-n'aaos-lii!  , I.U. 


a>  V cohIC 


z + z 


See  Table 


T ^ 
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I / / " * I 

Note  that  for  larjif  n t hi'  inU  i’.ral  .ilinvc  i-:  . In  any  evcaiL 

we  may  write  (3)  as 


itf'(s)  = -!’(l-a)  cos  (XT 


_ f‘  £(Oci^  1 
i()  (s-.')^-"  J C-s)'-"J 


- I --T—  S(0(s-O"cr. 

,1  = 0 “n!  J() 


To  "uncouple"  etjuation  (■'»)  we  assume  <'  1 and  seek  asymptotic 

expansions  for  t *(s)  (Uid  p,(s)  in  ternis  ol  ilie  )^au>^e  functions 

Pi  P?  _1 

1,  C , G ,...  (e=0  ) wher<‘  p^^  = n-.t.  'Uui.s 


I ) 

Js 


S P^3(^_)d^ 
0 


f,'W  + «,/').!( 


^ Ns  c.-s)  “ J()  (s-f:)  ' 


Tn  each  case  the  riglit  hand  side  i .s  always  the  sainx;  generalized 
Abel  intx-'gra  1 operator  and  tiio  left  iiand  i.iile  is  known  lor  ^ ^ 

F.qiiatix'n  (!i)  has  been  I'x  t ens  i ve  1 y analys.i'd  in  1 for  a varii'ly  of 
asperity  sh.ipes  <’ind  so  I oi'  the  [lurposes  ot  i 11  u:xt  ra  L i tin  we  consider  the 
problem  for  a cylindrical  indentor  ot  radius  K: 


f(.s)  = - 


+ d,  0 
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Having  .in  at;[Hiiiy  sli.iiU'  Lin-  ol  pr  i nc:  i pa  i interest 

now  is  Llie  holtaviur  ol  ■'  Inn.  lion  of  o..  The  solution  exhibits 

nvirkedly  diiferent  behavior  Idr  t •-  1/T,  a 1 / J and  rt  > 1/2.  In 
particular,  continuity  of  Liu-  normal  triciion  is  absent  for  a > 1/2 
and,  indeed,  for  o > 1/2  liie  i rati  ion  pose,,  ^;se:;  an  i nt  ej',ral)l  e singularity 
at  the  loading  edge,  s = 0.  Ot  tanirse  lor  a = U all  t lie  classical  results 
from  elasticity  are  recovered,  in  particular  t lie  results  of  Alblas  and 
Kulpers  I i 1 . 

The  solutions  were  derived  in  I and  we  eat.ilog  tliein  below. 


a < 1/2  ; 


(6) 


go(«) 


IX-  1 


i'(l-ri) 


K'^  'r(l/2)(-J-a)  rl  2 

r(i-ct)r(2-.i)r(u  + (■-s)’’' 


where  tlie  auxilliary  condil  ion 


(7) 


1 

0 


(h-co)^ 


•1/2 


a-:) 


ij 


must  be  onforeed.  flearly  epuat  ion  17)  defines  e^^,  wliere 
first  approximation  to  e,  llie  apex  ol  lie  indeiiLor.  'I’iiis 
which,  for  0 a < i/2,  gives  a value  between  0 and  1. 
gj^(s)  is  continnoiis  on  I <1,1  i.  See  Figure  I. 


is  tiie 

Cj^  = l/2(i-(x) 
Tlie  function 
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u = Ml  : 

This  is  t lio  iMsiosi  isi-  m.i  t.  iiema  I ih' a I I v aiul  givas 


(8) 


y.(,(s)  = l'l(!-s)/Mk] 


1/2 


with  Cy  = 1 - Thus  llu-  naiori.’l  la.iva-.  at  tlw  apa>;  oi  thf  indantor.  Note 
that  (8)  pradials  il  i scout  i uunii  s hcliavioi  ol  8aa  iik,ura  I. 


a > 1/2 


The  axprt  :>s  ion  lor  K.ivaii  hy  (f>)  i a<|ii;illy  valid  for  this 


range  of  ot  as  is  t ha  pra.-.crii>t  ion  a - 


Nolt  , hi.  a'Vi  r,  I hat  now  c^^  ■ 1 s.o  that  I 'u  mati'rial  Ilsivi’s  balorc 

the  apex.  Moraovar,  p,  (^i)  i '•  now  siuc.ulai  at  tin  Iiading  adga.  Indeed, 


(9) 


g,)(s) 


•(.» 

0(  l-sl 
! 

0(s)“ 


1/2 


S ■ l)T 


for  all  St  and  is  thus  singular  lor  a > 1/2.  Sea  Figure  1. 

Two  phvsictillv  im.  an  i n I u 1 (piantitias  a;;sociatad  with  tills  problem  are 

rl 


the  total  load  (F 


{) 


o.^.jds)  ;ind  the  friction  coafficient  f ” 


f '0^2^^/ 


The  preceding  work  allows  us  to  exhibit  tlia  first  approximations  to 


both  of  these  quantities. 


(10) 


P = 

0 


r(3/2)r(-2  - o)K 
(i-t)i  ( i-t) 


(11)  cj  = ;t(2-a)/K(|-,t)n-0. 


Tlie  one  remaining  unknown  quant  itv  is  d,  the  depth  f'l  penetration 
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X = (i_  'I’o  t';u' i 1 i t .1 1 L i In  coiiipu  l 1 1 i .’11  .1  .1  wi'  rcwritf  (I)  .is  follows. 


111  (s)  = !'  ' f / ' ' ; I J ros  ( ' 

J() 


c r 

1.1/  I )',f  )cl- 

j n 


r 

1 

r;  fOS 

r! 

i 

a:i  1 

i',(  ) . 

- 

v'OH  tn 

J I) 

. 

1 k(- ) ( - f ‘*y  ^ ^ 

J.,  ’ -'ll  j()  Jo 


• 1 1 - : (y.)  1 sin  ('  I-  ) <!;•.  • 


Clearly  will  be  an  0(b ‘)  qii.int  i t \ . .i  result  which  could  also 

have  bct’n  pre-1  k' t.'.i  1 roni  I ■I'-i  ir  w’as  shov.n  Liier.'  that  tiie  d i spl  aceinent  was 
O(s^)  for  larj’e  s.  This  is  aii.i  1 oj'.ous  to  l in-  results  of  Alblas  and  Kuipers 
[ 3l  who  had  an  0(ln  0)  penetration  depth  refle.tinj;  the  well  known  fact 
that  for  an  elastic  halispai'o  ilie  d i sp  1 aeeirent  is  0(ln  s)  for  large  s. 

In  any  event , we  h.ive 
I’„0  r‘" 


0 f ■ -(-1 

= 7 (z)dz 


0 V 


(y.)dz  + 0(1) 


and  values  of  the  above  integral  for  v„rio.  s values  of  .x  will  be  provided 
below . 

Succi’ssive  teims  in  Llie  asymptotic  .xpans  i.>n  aia.’  ileduced  exactly 
as  the  lowest  order  (luantities  were.  For  example. 


(13)  C|^/i<  + a^jP 


I'd-i)  I f‘ 


0 n 


- i-os  a-'i 


s (\~^) 


■S  g,C,)d- 


L , ...  1 -a 

(s-,J  1 


serves  to  define  both  g|(s)  an.l  Cj.  In  this  .-..si  no  boundi’d  solution 
exists  unless 


10 


It  thus  follows  that  1’^  - <1,  aiu! 

Proceed  i ng  to  the  next  ordi-r  gives 


(lA)  c^/R  + Uj^ 


R„(0(s-f;)dr  = 


= ij  -_ cos  '(Tt 

lJ»  c-o’-‘ 


s g2(.=:)d^ 


0 (s-'J 


1-0 


The  solvability  comlition  tor  tliis  problem  del  inos  c^  os 


(15) 


Ka^ 

‘^2  A'Cl-a) 


I 1) 

A(Vo  "«V  ^ - ’>’’o 


The  traction  g,,(s)  mav  he  found  from  r'(|nalions  (h),  (8)  by  the  simple 

expedient  of  replacing  K 'ov  I and  ”''a  ''o'  ill  early 

for  any  value  of  a,  g.^Cs)  enjoys  all  the  properties  Lliat  gj^^(s)  h.ad . 
We  can  also  see  from  this  last  result  that 


P,  = -1/a^  . 

From  the  representative  table  supplied  brlow  it  is  clear,  for  example, 
that  <0,  c|;  < 0,  c,,  0 and  ' h.  Thus  the  apex  is  shifted  to 

the  left  by  the  finiteness  of  the  layer,  which  is  what  one  would  expect. 
Moreover,  since  t fic*  inaterinl  ultitnaLcIy  returns  to  its  ori.j;inal  position 
the  friction  cotifflcienL  is  lovt'red. 


<m  ‘ * t 


Summary 


Usliiy,  llu-  ilosi'il  Torm  mi  I ii  t i on*;  liu  tin  ■ liiiiii)'  nl  a ririd  ai;|)crily 
over  a powt*r  law  viscoflast  k'  iialtspace  vvt‘  art.-  ahlt*  to  ^>u|)ply,  in  Lcriiis  of 
an  asympLoLio  rcpri'S(.iu  at  i on , lorro.spoiul  i n ■,  (|nmlili<-  lor  llio  < a.sf  of 
a large  finiti-  layer. 


0 

0.  u 


1/2 

1.81 

- 1 . 234 

- 1 .84^7 

4.  127 

1 1 

228 

■i/4 

4 . 1 0 

- .(.^A 

-2. 14 i 

I .7  96 

11 

223 

Table'  I.  a ('()  fur  i.  = 1/4,  i/2  and  li/4. 


X 

f X.  'H/.)dx 
■*  0 

1/4 

2 . ■)  . 

1/2 

i . )1 

3/4 

1 .07 

Table  2.  See  I'Tju.iL ion  (12). 
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